
JOURNAL OF
SOUND AND
VIBRATION

www.elsevier.com/locate/jsvi

Journal of Sound and Vibration 263 (2003) 415–442

An efficient differential quadrature methodology for free
vibration analysis of arbitrary straight-sided quadrilateral

thin plates

G. Karami*, P. Malekzadeh

Department of Mechanical Engineering, School of Engineering, Shiraz University, Shiraz 71345, Iran

Received 22 October 2001; accepted 26 June 2002

Abstract

In this paper, a new differential quadrature (DQ) methodology is employed to study free vibration of
irregular quadrilateral straight-sided thin plates. A four-nodded super element is used to map the irregular
physical domain into a square domain in the computational domain. Second order transformation schemes
with relative ease and less computation are employed to transform the fourth order governing equation of
thin plates between the two domains. The only degree of freedom within the domain is the displacement,
whereas along the boundaries, the displacement as well as the second order derivative of the displacement
with respect to associated normal co-ordinate variable in computational domain are the two degrees of
freedom. Implementing the method, the formulation for the DQ method for the free vibration analysis of
plates of straight-sided shapes was presented together with the implementation procedure for the different
boundary conditions. To demonstrate the accuracy, convergency and stability of the new methodology,
detail studies are made on isotropic plates at acute angles with different geometries, boundary and loading
conditions including DQ free-edge boundary condition implementations. Accurate results even with fewer
degrees of freedom than for those of comparable numerical algorithms were achieved.
r 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

It is now more than a decade since the differential quadrature method (DQM) has established
itself as a numerical algorithm in engineering analysis. A survey on the early stages of the method
development and its applications was presented by Bert and Malik [1]. One troublesome point in
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the classical application of DQM is the difficulty of impositioning of the boundary conditions for
problems having governing differential equations with at least two boundary conditions at the
boundary point. To overcome this difficulty, different methodologies were introduced. An
approximate scheme to be referred to as ‘‘d method’’ introduced by Bert et al. [2] was
subsequently found [3]. It is not equally successful for all structural components with different
boundary conditions if d is not assumed to be very small. On the other hand, if d is taken too
small, the solutions may be subjected to oscillations. Also, in practice, the introduction of two end
grid points separated by a small distance d causes erroneous behavior. Furthermore, the method is
not quite convenient and accurate to be implemented in the differential quadrature element
method (DQEM). In searching for alternative schemes, Malik and Bert [4] have extended the
work of Wang and Bert [5] to implement the boundary conditions by building them into the
weighting coefficients. This method can be applied only for those types of boundary conditions
that do not have mixed derivatives. In a third methodology, the slope on the boundary is chosen
as a degree of freedom (see, for examples, Refs. [6–10]). In all the works where that slope is chosen
as a degree of freedom, the weighting coefficients have been obtained by reformulating the DQ
rule. Except for the works of Wu and Liu [8–10], a direct linear solver was used to obtain the
weighting coefficients. Determination of weighting coefficients in such a manner obstructs DQM
accuracy.
In the present methodology, the weighting coefficients are not exclusive and any of

those schemes used in conventional DQM for determination of the weighting coefficients
may be employed. The generalized DQM (GDQM) claimed to be the most computationally
efficient and accurate method [1], can be easily used. The applicabilities of the methodology to
beams and rectangular plates were demonstrated through previous studies [11,12]. It has been
proved that for cases where conventional DQMs have not yielded a convergence trend or have
erratic behavior, the new methodology yields accurate results with an excellent convergency
behavior.
Most of the works on DQM structural analysis have been carried out for structures having

boundaries such as rectangular, circular or cylindrical shapes where natural curvilinear coordinate
systems can easily be defined. Few have considered the irregular structural problems. Wang et al.
[13] have used DQM for buckling and free vibration analysis of thin skew plates for the first time.
They have considered S–S–S–S and C–C–C–C boundary conditions. Oblique reference axes were
used to transform the governing equations and the related boundary conditions together with the
d method for boundary condition implementations. Bert and Malik [14] have studied the free
vibration of irregular thin clamped and simply supported plates. A d method is used to implement
the boundary conditions and therefore it is not convenient to be used for large scale structures
that need domain decomposition. Four-nodded and also eight-nodded quadrature formulas have
been used, respectively, by Liew and Han [15] and Han and Liew [16] to solve straight-sided and
curved-sided Reissner/Mindlin plates. They have further employed their algorithms for bending
analysis of thick skew plates [17,18].
In association with the DQ method, the differential cubature (DC) method has also been

introduced. Following the introduction of this method by Civan [19], Liew and Liu [20] have
employed the method for static analysis of arbitrary thin plates with simply supported and
clamped boundary conditions. In another application of the method, Liu and Liew [21] have
considered the static analysis of thick plates.
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In this paper, other than the applicabilities of the new DQ methodology, its efficiency as an
alternative numerical tool for the analysis of structural problems is investigated for solving plates
with irregular domains. Using a four-nodded super element the physical domain is transformed
into the computational domain. The thin plate governing equations can then be transformed
using two second order transformations. Simply supported, clamped and free boundary
conditions are considered.

2. Review of the GDQM

In the method of DQ the partial derivative of the field variable at the discrete point in the
computational domain is approximated by a weighted linear sum of the values of the field variable
along the line that passes through that point which is parallel to the coordinate direction of the
derivative. Therefore, according to the differential quadrature rule for any function f g; one has

@f g
@x
@f g
@Z

8>><
>>:

9>>=
>>;

��������
ðxi ;ZjÞ

¼

PNx
m¼1 A

ðxÞ
imf gmjPNZ

n¼1 A
ðZÞ
jn f gin

( )
; ð1Þ

@2f g

@x2

@2f g
@Z2

@2f g
@x@Z

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

��������������
ðxi ;ZjÞ

¼

PNx
m¼1 B

ðxÞ
imf gmjPNZ

n¼1 B
ðZÞ
jn f ginPNx

m¼1

PNZ

n¼1 A
ðxÞ
im A

ðZÞ
jn f gmn

8>><
>>:

9>>=
>>;; ð2Þ

where A
ðxÞ
ij ; A

ðZÞ
ij are the weighting coefficients corresponding to first order derivatives, and B

ðxÞ
ij and

B
ðZÞ
ij are the weighting coefficients corresponding to second order derivatives in x and Z directions.

Nx and NZ are the number of grid points along x and Z axes, respectively.
From the above approximations, one can realize that determination of the weighting functions

plays an important role in DQM analysis. Among the many methods that have been used to
evaluate the weighting coefficients in differential quadrature methods, the method developed by
Shu and Richard [22] claimed to be computationally more efficient and accurate, is employed in
this work. The weighting coefficients of the first order derivatives are determined as

A
ðxÞ
ij ¼

PðxiÞ
ðxi � xjÞPð1ÞðxjÞ

for iaj; i; j ¼ 1; 2;y;Nx;

�
PNx

j¼1 iaj A
ðxÞ
ij for i ¼ j; i; j ¼ 1; 2;y;Nx;

8><
>: ð3Þ

where PðxÞ and its derivative are defined as

PðxiÞ ¼
YNx

j¼1; jai

ðxi � xjÞ; Pð1ÞðxiÞ ¼
YNx

j¼1; jai

ðxi � xjÞ:
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In order to evaluate the weighting coefficients for higher order derivatives, a proposed recurrence
formula may be employed. For second order derivatives this formula may be employed in the
form of

B
ðxÞ
ij ¼ 2A

ðxÞ
ij A

ðxÞ
ii �

1

ðxi � xjÞ


 �
for i; j ¼ 1; 2;y;Nx; iaj: ð4Þ

Another important point in DQM analysis is how to distribute the grid points. A natural, and the
simplest, choice of the grid points through the computational domain is equally spaced points in
the co-ordinate directions of the computational domain. It is demonstrated that non-uniform grid
points usually yield better results than those of equally spaced points. The zeros of orthogonal
polynomials are a rational basis for the grid points. Shu and Richards [22] have used other choices
which have given a better result than the zeros of Chebyshev and Legendre [1]

ðxi; ZjÞ ¼
1

2
1� cos

ði � 1Þp
Nx � 1


 �
; 1� cos

ðj � 1Þp
NZ � 1


 �� �
: ð5Þ

3. The new methodology

A natural co-ordinate system ðx; ZÞ for the computational domain is chosen, where �1px; Zp1:
The displacement w; and the second derivative of the displacement with respect to the natural
coordinate variable normal to the boundary, and only along the boundary, would be set as the
two degrees of freedom of the problem. For example along the boundary, x ¼ 0; kx ¼ @2w=@x2

presents the second degree of freedom. Hence, in general, kn (n ¼ x or Z) would play the role of an
unknown parameter on the boundary. In order to incorporate the new degrees of freedom into
differential equations and facilitate the boundary conditions implementation, the higher order
derivatives (derivative with orderX2) with respect to the co-ordinate system of the actual domain
would be expressed in terms of kn (n ¼ x or Z) and also the displacement w using the geometrical
mapping procedure.

4. Geometrical mapping

Consider an arbitrary straight-sided quadrilateral plate shown in Fig. 1(a). The geometry of this
plate can be mapped into a rectangular plate to be referred as the computational domain. The
coordinate axes of the quadrilateral plate which occupy the actual (or physical) domain are
denoted by x; and y; whereas those of the computational domain are denoted by x; and Z: The
mapping process follows the standard procedure used widely in conventional finite element
formulations; the physical domain is mapped into computational domain according to the
following transformation law:

x ¼
XNs

i¼1

xiciðx; ZÞ; y ¼
XNs

i¼1

yiciðx; ZÞ; ð6Þ
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where xi and yi are the co-ordinates of node i in the physical domain, and Ns is the number of
nodal points. ciðx; ZÞ is the shape function associated with node i:

ciðx; ZÞ ¼
1
4
ð1þ xxiÞð1þ ZZiÞ; i ¼ 1;y; 4; ð7Þ

where xi and Zi are the coordinates of nodal point i in the computational domain x� Z: The
transformation law (7) will rule the relations between the geometry of the two domains. The
derivatives of any function defined in one domain may be transformed into the other using
the mapping or shape function rule defined. For example the first, second and third derivatives of
any function f g in the computational domain may be obtained in terms of the derivatives in the
physical domain from the chain rule according to

f g;i ¼
X2
I¼1

f g;I xI ;i; ð8Þ
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þ
X2
I¼1

X2
J¼1

X2
K¼1

f g;IJKxI ;ixJ ;jxK ;k; ð10Þ

where xI ;i; xI ;ij and xI ;ijk; the components of transformation matrices for derivatives, are related to
the shape functions which map the geometry at the two co-ordinates. xI ;i are the components of
the so-called Jacobian transformation matrix. The inverse transformation matrices may be
evaluated so that the derivatives in the physical domain may be determined in terms of the
derivatives in the computational domain, so that
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Fig. 1. (a) An arbitrary straight-sided quadrilateral plate (physical domain), (b) computational domain.
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where ½Tij	; the inverse transformation matrices, are related to the transformation matrices
according to

½T11	 ¼ ½J11	�1; ½T21	 ¼ �½J22	�1½J21	½J11	�1; ½T22	 ¼ ½J22	�1;

½T31	 ¼ �½J33	�1½J31	½J11	�1; ½T32	 ¼ �½J33	�1½J32	½J22	�1; ½T33	 ¼ ½J33	�1:

In Appendix A, the components of the transformation matrices, ½Jij	; are cited.
Employing the transformation matrices, both the governing equation as well as the boundary

conditions of the problem under consideration may be transformed from the physical to the
computational domain and vice versa.

5. DQ analog of plate governing equation

For generality of the problem under consideration, the governing equation of a thin, materially
and geometrically symmetric, elastic plate is considered as the governing equation, that is,
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@2w

@t2
¼ pðx; y; tÞ; ð14Þ

where w; Nx; Ny; Nxy; and pðx; y; tÞ are the transverse displacement, in plane normal and shear
edge forces in x and y directions, and the intensity of transverse distributed loads respectively.
Also, Ci; r; h; k are, respectively, the flexural rigidity coefficients, density, thickness, and elastic
stiffness of the support.
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Two second order transformation processes transform the governing equation from the
physical domain into the computational domain. Bert and Malik [14] have used the first order
transformation rule four times to do the job. The approach employed here will need less
computational efforts. To employ the second order transformations, Kx and Ky are defined as

Kx ¼
@2w

@x2
; Ky ¼

@2w

@y2
: ð15Þ

Using these definitions, the free vibration governing equation extracted from Eq. (14) takes the
form
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where

fCxg
T ¼ ½C1

1
2
C4 C3	; fCyg

T ¼ ½1
2
C4 C2 C5	:

Employing the second order transformation law, given by Eq. (12), the free vibration governing
equation (16) becomes
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the second order derivatives are expressed in terms of displacement, w; for grid points within the
domain, that is

fkgjðxi ;ZjÞ ¼
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for i ¼ 2; 3;y;Nx � 1 and j ¼ 2; 3;y;NZ � 1: ð18Þ

Using Eqs. (1), (2) and (18), the DQ analog of the plate free vibration may be written as
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for i ¼ 2; 3;y;Nx � 1 and j ¼ 2; 3;y;NZ � 1:

A second order transformation will be used to transform Kx and Ky from the physical domain
into the computational domain. To do so, one may employ Eq. (12) in the following form at any
arbitrary grid point ðxm; ZnÞ:
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where ½ %T21	 and ½ %T22	 are the reduced form of the second order transformation ½T21	 and ½T22	:
Employing the above relation, and assuming zero elastic coefficient for the supports, Eq. (19) may
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be written as
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Using the quadrature rule for first and second order derivatives (except for those which are chosen
as the degree of freedom at the boundary points) one may reduce the governing equation to a
standard form

½Sdb	fUbg þ ½Sdd 	fUdg þ rh
@2Ud

@t2

� �
¼ f0g: ð22Þ

In the above equation,

fUbg ¼
fwgb

fkgb

( )
; fUdg ¼ fwgd :

The subscript b denotes a boundary point whereas d represents a domain grid point.

6. DQ boundary conditions implementation

In the following section DQ analogs of three types of classical boundary conditions, i.e., simply
supported (S), clamped (C), and free edges (F) will be presented. In order to simplify the notations
in the DQ analogs, we use the indices bx for the edges x ¼ 71 which take the value of 1 at the edge
x ¼ �1 and Nx at the edge x ¼ 1; respectively. Similarly, bZ will be used for the edges Z ¼ 71; in
which bZ ¼ 1 at Z ¼ �1 and bZ ¼ NZ; at the edge Z ¼ 1; respectively.

6.1. Simply supported boundary conditions

For simply supported edges, the boundary conditions are

w ¼ 0; Mn ¼ 0: ð23Þ

The bending moment Mn can be expressed in terms of the Cartesian components of the moments
at that point as [23]

Mn ¼ n2
xMx þ n2

yMy þ 2nxnyMxy;

where nx and ny are, respectively, the x and y components of unit normal to the boundary.
Eq. (23) may be formatted as

Mn ¼ f %ngTfMg ¼ f %ngT½ %D	fKg; ð24Þ
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where

f %ngT ¼ fn2x n2
y 2nxnyg; ½ %D	 ¼ ½ %I	½D	; ½ %I	 ¼

1 0 0

0 1 0

0 0 2

2
64

3
75:

½D	 is the bending stiffness matrix of the plate (see Appendix B). Using the second order
transformation law (12), Eq. (24) reads
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where

f %M1g
T ¼ f %ngT½ %D	½T21	; f %M2g

T ¼ f %ngT½ %D	½T22	:

If edges x ¼ �1 or x ¼ 1 are simply supported, the DQ analog of the first equation (23) will
take the form of

wbxJ ¼ 0; for J ¼ 2; 3;y;NZ � 1 and bx ¼ 1 or bx ¼ Nx; ð26Þ

whereas, the DQ analog of the second equation (23) is
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In the same way for edges Z ¼ �1 or Z ¼ 1:

wIbZ ¼ 0; for I ¼ 2; 3;y;Nx � 1 and bZ ¼ 1 or bZ ¼ NZ; ð28Þ

f %M1g
T
IbZ

PNx
m¼1 A

ðxÞ
ImwmbZPNZ

n¼1 A
ðZÞ
bZnwIn

8<
:

9=
;þ f %M2g

T
IbZ

PNZ

n¼1 B
ðZÞ
ImwmbZ

kZIbZPNx
m¼1

PNZ

n¼1 A
ðxÞ
ImA

ðZÞ
bZnwmn

8>><
>>:

9>>=
>>; ¼ 0: ð29Þ

6.2. Clamped boundary conditions

The boundary conditions for clamped edges can be stated as

w ¼ 0;
@w

@n
¼ 0; ð30Þ

where n stands for x and Z:
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If the edges x ¼ �1 or x ¼ 1 are clamped, the DQ analog of the first equation in (30) becomes

wbxJ ¼ 0; for J ¼ 2; 3;y;NZ � 1 and bx ¼ 1 or bx ¼ Nx: ð31Þ

Zero slope boundary condition are implemented through kx: For example, along the edge x ¼ �1
the condition @w=@x ¼ 0 might be implemented by

kxbxJ �
Xmu

M¼ml

A
ðxÞ
bxM

@w

@x

�����
ðxM ;ZJ Þ

¼ 0; for J ¼ 2; 3;y;NZ � 1; ð32Þ

where ml ¼ 2 for the zero slope condition at x ¼ �1; otherwise ml ¼ 1: For zero slope condition
at edge x ¼ 1; mu ¼ Nx � 1; otherwise, mu ¼ Nx: Also as stated before, bx ¼ 1 for x ¼ �1 and
bx ¼ Nx for x ¼ 1: The slope term in the summation in Eq. (32) can be expanded

kxbxJ �
Xmu

M¼ml

XNx

n¼1

A
ðxÞ
bxMA

ðxÞ
MnwnJ ¼ 0; for J ¼ 2; 3;y;NZ � 1: ð33Þ

In a similar way, one can implement the clamped boundary condition at edge Z ¼ �1 or Z ¼ 1; the
results read

wIbZ ¼ 0; for I ¼ 2; 3;y;Nx � 1 and bZ ¼ 1 or bZ ¼ NZ; ð34Þ

kZIbZ
�

Xmu

M¼ml

XNZ

n¼1

A
ðZÞ
bZMA

ðZÞ
MnwIn ¼ 0; for I ¼ 2; 3;y;Nx � 1; ð35Þ

where ml ¼ 2 if a zero slope condition applies to the edge Z ¼ �1; otherwise, ml ¼ 1: For zero
slope condition at edge Z ¼ 1; mu ¼ NZ � 1; otherwise mu ¼ NZ: Also, bZ ¼ 1 for Z ¼ �1 and
bZ ¼ NZ for Z ¼ 1:

6.3. Free-edge boundary condition

For the free boundary conditions [23]

Mn ¼ 0; Qn þ
@Msn

@s
¼ 0 ð36Þ

should be satisfied. s; and n are the coordinate variables of the axes tangent and normal to the
boundary, Qn is the shear force, and Msn is the twisting moment at the edges [23]. The DQ analog
of Mn is given by Eqs. (27) and (29). The DQ analogs of the effective shear stresses are derived
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here based on a new approach [12]. In order to do so, Eq. (36) may be written as

fFgT

@3w

@x3

@3w

@y3

@3w

@x2@y

@3w

@x@y2

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

¼ 0: ð37Þ

The details of derivation and also the definition of matrix fFg are given in Appendix B. Using
Eqs. (13), Eq. (37) becomes

f %F3g
T

@3w

@x3

@3w

@Z3

@3w

@x2@Z
@3w

@x@Z2

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

þ f %F2g
T

@2w

@x2

@2w

@Z2

@2w

@x@Z

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

þ f %F1g
T

@w

@x
@w

@Z

8>><
>>:

9>>=
>>; ¼ 0; ð38Þ

where

f %F3g ¼ fFgT½T33	; f %F2g ¼ fFgT½T32	; f %F1g ¼ fFgT½T31	:

Along the edges x ¼ �1 or x ¼ 1; the differential quadrature rule can be applied to Eq. (38) to
derive DQ analogs of zero effective shear forces

f %F3g
T
bxJ

PNx
m¼1 C

ðxÞ
bxmwmJPNx

n¼1 C
ðxÞ
jn wbxnPNx

m¼1

PNZ

n¼1 B
ðxÞ
bxmA

ðxÞ
Jn wmnPNx

m¼1

PNZ

n¼1 A
ðxÞ
bxmB

ðxÞ
Jn wmn

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

þ f %F2g
T
bxJ

kxbxJPNx
n¼1 B

ðxÞ
jn wbxnPNx

m¼1

PNZ

n¼1 A
ðxÞ
bxmA

ðxÞ
Jn wmn

8>>><
>>>:

9>>>=
>>>;

þ f %F1g
T
bxJ

PNx
m¼1 A

ðxÞ
bxmwmJPNx

n¼1 A
ðxÞ
bxnwbxn

8<
:

9=
; ¼ 0; for J ¼ 2; 3;y;NZ � 1: ð39Þ
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The above relations along the edges Z ¼ �1 or Z ¼ 1 can be written similarly

f %F3g
T
IbZ

PNx
m¼1 C

ðZÞ
ImwmbZPNZ

n¼1 C
ðZÞ
bZnwInPNx

m¼1

PNZ

n¼1 B
ðZÞ
ImA

ðZÞ
bZnwmnPNx

m¼1

PNZ

n¼1 A
ðZÞ
ImB

ðZÞ
bZnwmn

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

þ f %F2g
T
IbZ

PNx
n¼1 B

ðZÞ
ImwmbZ

kZIbZPNx
m¼1

PNZ

n¼1 A
ðZÞ
ImA

ðZÞ
bZnwmn

8>><
>>:

9>>=
>>;

þ f %F1g
T
IbZ

PNx
m¼1 A

ðZÞ
ImwmbZPNZ

n¼1 A
ðZÞ
bZnwIn

8<
:

9=
; ¼ 0; for I ¼ 2; 3;y;Nx � 1: ð40Þ

7. The assembled system of equations

The free vibration assembled form of the analogue equations (22) becomes

½Sdb	fUbg þ ½Sdd 	fUdg � rho2fUdg ¼ f0g; ð41Þ

where o is the natural frequency of the plate. The boundary conditions may also be rearranged to
the following form:

½Sbb	fUbg þ ½Sbd 	fUdg ¼ f0g: ð42Þ

By eliminating the boundary degrees of freedom from the system of Eq. (41), one obtains a
standard eigenvalue problem

ð½S	 � ro2½I 	ÞfUdg ¼ f0g; ð43Þ

where ½S	 ¼ ½Sdd 	 � ½Sdb	½Sbb	�1½Sbd 	: ½I 	 is the identity matrix of order ðNx � 2Þ � ðNy � 2Þ: From
Eq. (43), one can perform the eigenvalue analysis of a matrix of order ðNx � 2Þ � ðNy � 2Þ to
obtain the natural frequencies as well as the mode shapes of the system under consideration.

8. Numerical results

In order to demonstrate the efficiency of the methodology for the free vibration analysis of
irregular straight-sided quadrilateral plates, many different cases were studied. Free vibration
problems of skew plates (see Fig. 2) with different boundary conditions and with different aspect
ratios ða=bÞ and skew angles ðyÞ are studied first, followed by the analysis of trapezoidal plates
under different configurations.
In the examples considered, each plate will be identified by Leissa’s [24] convention; for

examples, the symbolism C–S–C–F indicates that the left edge, is clamped, right edge is simply
supported, lower edge is clamped and upper edges are free, respectively. The Poisson ratio is 0.3
for all the examples considered. Applications of the method to static and stability analysis of skew
and irregular straight-sided plate problems are demonstrated elsewhere [25].
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8.1. Skew plates

In Table 1, the first five non-dimensional frequencies ð %o ¼ oa2
ffiffiffiffiffiffiffiffiffiffiffiffi
rh=D

p
Þ of simply supported

skew plates for three different aspect ratios and for an acute skew angle of 301 are presented. The
results obtained by the present method are compared with those obtained by the hierarchical finite
element method (HFEM), claimed to be the most accurate numerical method for solving
eigenvalue problems in structural analysis [26]. Also, comparisons were made with some other
available results from other methods [27]. As it is evident from this table, in the present DQ
analysis, the fundamental frequencies can be obtained accurately with only five grid points in each
direction of the computational co-ordinate axes, needing an eigenvalue analysis of a matrix of
order nine only. The results obtained by the present methodology have closer agreement with
HFEM [26] than those of Singh and Chakraverty [27].
In Table 2, the first five non-dimensional frequencies of a clamped plate with an acute skew

angle of 301 for three aspect ratios are presented. Also, the results for a plate with C–C–S–S
boundary conditions and a skew angle of 301 are given in Table 3. In all cases, for every aspect
ratio and every skew angle, excellent agreements with HFEM [26] results are achieved. The results
are also compared with those of Singh and Chakravarty and also MacGee et al. [28].
In Table 4, the results for the first five non-dimensional frequencies of rhombic plates with S–C–

S–C boundary conditions are presented for three different numbers of grid points in each
direction at different skew angles. This example has also been studied by MacGee et al. [28]. In
their study, they have considered the effects of stress singularities at the corners for rhombic plates
on simply supported or clamped boundary conditions. The agreement between the present
method results and those of Refs. [28,24,29] is excellent. Once can conclude that by the present
DQ methodology, only seven grid points in each directions suffice to yield an accurate solution.
In Table 5 the convergence behavior of the first five natural frequencies of a S–F–S–F rhombic

plate for two different skew angles are studied. It is for the first time that DQ analysis results for
thin skew plate with free edges are presented. Convergence, stability, and accuracy of the results
are satisfied for such boundary conditions. Again close agreement with those of references
[26,27,30] can be seen. In Table 6, the results of skew plate analysis with C–F–C–F boundary
conditions at different skew angles are considered. In the previous results it was evident that the
present methodology results have a better accuracy than previous DQ methods in the cases where

θ

a

b

x

y

Fig. 2. Geometry of a skew plate.
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comparisons are made. This conclusion comes from the fact that the results given by Singh and
Chakraverty [27] provide an upper bound to the fundamental natural frequencies as they have
used the Rayleigh–Ritz method. In all cases the present method solutions converge to values less
than those given by Singh and Chakraverty which is an indication of the accurate nature of the
results. In Table 7, the results for the first five normalized natural frequencies of rhombic plates
for different mixed boundary conditions and also for different skew angles are given. In all cases
the present methodology fundamental frequencies are close, however, they are less than those
given by Singh and Chakraverty [27]. These results are also compared with those of McGee
et al. [28].

Table 1

Convergence of natural frequencies of simply supported skew plates (skew angle=301)

Aspect ratio Method Nx Mode sequence

1 2 3 4 5

a=b ¼ 2 Present 5 188.0468 311.4303 461.9595 831.3994 1039.1471

7 176.4545 229.2691 323.8561 599.2835 717.5473

9 175.1948 221.9028 291.0736 403.5683 580.2583

11 174.6661 220.6491 287.6053 371.9915 479.6142

13 174.3636 219.9651 287.0794 369.1073 461.8238

15 174.1574 219.4907 286.7384 369.0148 460.3482

19 173.8898 218.8604 286.2543 368.9211 460.2766

25 173.6591 218.3096 285.8122 368.8237 460.2470

HFEM [26] 174.855 221.200 288.419 369.516 460.342

Ref. [27] 182.44 240.11 394.64 562.85 675.53

a=b ¼ 1 Present 5 76.6428 160.3127 294.6147 316.3675 352.0000

7 67.8490 108.5521 171.2030 223.8263 273.9755

9 65.9436 105.0558 150.4475 203.9684 214.6864

11 65.1742 104.9552 148.5354 196.6715 212.0060

13 64.7119 104.9545 148.3134 196.2940 210.7962

15 64.3917 104.9545 148.2111 196.2928 210.0440

19 63.9717 104.9545 148.0877 196.2926 209.1020

25 63.6082 104.9545 147.9860 196.2926 208.3130

HFEM [26] 64.818 104.955 148.320 196.294 210.658

Ref. [27] 73.135 112.64 209.84 233.52 323.51

a=b ¼ 0:5 Present 5 47.0117 77.8576 115.4899 207.8499 259.7868

7 44.1136 57.3173 80.9640 149.8209 165.7619

9 43.7987 55.4757 72.7684 100.8920 145.0646

11 43.6665 55.1623 71.9013 92.9979 119.9035

13 43.5909 54.9913 71.7698 92.2768 115.4560

15 43.5394 54.8723 71.6845 92.2537 115.0871

17 43.5015 54.7839 71.6172 92.2409 115.0738

19 43.4724 54.7151 71.5636 92.2303 115.0691

25 43.4148 54.5774 71.4530 92.2105 115.0617

HFEM [26] 43.714 55.300 72.105 92.379 115.086
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8.2. Trapezoidal plates

In Table 8, the first five natural frequencies ð %o ¼ oa2=p2
ffiffiffiffiffiffiffiffiffiffiffiffi
rh=D

p
Þ of the trapezoidal plates (see

Fig. 3) for two cases of S–S–S–S and C–C–C–C boundary conditions are given. The convergence,
stability and accuracy were studied. It is evident that the convergence behavior of the present
solution procedure for the case of a simply supported plate is better than that of the d method
used by Bert and Malik [14] and Wang et al. [32]. These results are compared with the solutions
given by Liew and Lim [35]. One can conclude that 9 grid points in each direction are enough for
an accurate solution.
For two aspect ratios of a=b ¼ 2

3
and 1

2
and using a different number of grid points, the results

for the first eight natural frequencies %o ¼ oa2=2p
ffiffiffiffiffiffiffiffiffiffiffiffi
rh=D

p
) are shown in Table 9 which are

compared with results by Chopra and Durvasula [36,37] and also Liew et al. [34]. Also, the

Table 2

Convergence of natural frequencies of skew plates with C–C–C–C edges (skew angle ¼ 301)

a=b Method Nx Mode sequence

1 2 3 4 5

a=b ¼ 2 Present 7 189.2310 227.757 295.2616 515.1862 561.5448

9 189.1715 221.7124 279.5416 415.8022 504.9571

11 189.2931 222.3759 280.2522 359.1811 459.9340

13 189.2931 222.4113 280.2492 359.5580 448.9228

15 189.2940 222.4018 280.2446 358.9282 448.6766

17 189.2940 222.4016 280.2472 358.9780 448.5197

19 189.2940 222.4023 280.2477 358.9759 448.5375

HFEM [26] 189.295 222.405 280.252 358.979 448.536

Ref. [27] 190.00 223.98 294.67 385.53 509.03

a=b ¼ 1:0 Present 7 125.5083 214.7129 308.3456 332.6158 383.0270

9 121.9704 180.0774 254.1165 312.0186 372.2743

11 121.7864 177.7508 230.7331 292.1753 306.0871

13 121.6800 177.7270 232.0490 292.4008 305.1902

15 121.6622 177.7220 231.7400 291.4484 304.8950

17 121.6514 177.7211 231.7554 291.5280 304.8280

19 121.6462 177.7210 231.7510 291.5216 304.7966

HFEM [26] 121.647 177.721 231.751 291.522 304.805

B-spline [30] 120.903 177.752 231.738 292.535 301.813

Ref. [27] 127.06 185.00 282.94 322.61 385.49

a=b ¼ 0:5 Present 7 47.3077 56.9392 73.8154 128.7965 140.3862

9 47.2929 55.4281 69.8854 103.9505 126.240

11 47.3232 55.5940 70.0630 89.7953 114.9835

13 47.3233 55.6028 70.0623 89.8895 112.2307

15 47.3235 55.6004 70.0611 89.7320 112.1691

17 47.3235 55.6003 70.0618 89.7445 112.1300

19 47.3235 55.6006 70.0619 89.7440 112.1344

HFEM [26] 47.324 55.601 70.063 89.745 112.134
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solutions for trapezoidal plates when changing other geometrical parameters are studied. For a
specific aspect ratio of 3

2; the first eight natural frequencies are evaluated and presented in Table 10
for simply supported unsymmetrical trapezoidal plates with two different values of b as shown in
Fig. 3. For two different values of cord ratios the first five natural frequencies of the trapezoidal
plate are also presented in Table 11. Finally, natural frequencies for fixed aspect and cord ratios,
and b ¼ 0 under two different boundary conditions of S–C–S–C and S–C–S–F are presented in
Table 12. Comparison of these results with those of Liew and Lam [38], Liew and Lam [35], Liew
et al. [34] and Kuttler and Sigillito [39] certify the accuracy as well as the convergent behavior of
the present methodology.

9. Conclusion

An efficient methodology is introduced to study the free vibration analysis of the irregular
quadrilateral straight-sided thin plates. This methodology needs less computational efforts for

Table 3

Convergence of natural frequencies of C–C–S–S skew plates (skew angle ¼ 301)

a=b Method Nx Mode sequence

1 2 3 4 5

a=b ¼ 0:5 7 64.5588 77.1950 108.8681 189.7991 214.5942

11 64.3221 73.8467 91.0157 115.7983 151.3288

13 64.2964 73.7500 90.8780 114.0231 140.5973

15 64.2788 73.7130 90.8250 113.8599 139.6482

19 64.2628 73.6774 90.7853 113.8390 139.5532

HFEM [26] 64.321 73.805 90.938 113.96 139.618

a=b ¼ 1 7 86.0954 153.2025 239.0663 263.7736 330.2577

11 84.5310 138.5284 186.6152 241.3483 246.3966

13 84.4875 138.4656 186.7352 241.6146 245.8892

15 84.4684 138.4659 186.7016 241.3344 245.7381

19 84.4492 138.4602 186.6985 241.3500 245.6440

HFEM [26] 84.669 138.529 186.739 241.393 246.352

Ref. [28] 89.480 138.77 189.61 246.58 254.44

Ref. [27] 92.906 151.39 221.70 278.46 407.42

a=b ¼ 2 7 258.2353 308.7802 435.4725 759.1967 858.3768

9 257.5178 295.5524 372.2196 532.5114 769.1081

11 257.2885 295.3868 364.0626 463.1931 605.3153

13 257.1854 294.9983 363.5116 456.0926 562.3891

15 257.1154 294.8519 363.3001 455.4395 558.5926

19 257.0511 294.7095 363.1411 455.3557 558.2127

HFEM [26] 257.282 295.220 363.754 455.841 558.472

Ref. [27] 262.94 322.02 422.83 751.71 839.39
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evaluation of the weighting coefficients in comparison with other developed DQ procedures for
fourth order partial differential equations. The physical domain is transformed to the
computational domain by using a four-nodded super element. The governing equation and its
related boundary conditions are transformed using the second and third order transformations in
an efficient manner. The accuracy, convergence and stability of the solution procedure results are
studied through different examples of the free vibration of irregular skew plates at acute angles
under different boundary conditions, including the free-edge boundary type. The results are
compared with those of other DQ methods as well as other numerical techniques. Excellent to
very good agreements are achieved with the most accurate solutions.

Table 4

Convergence of natural frequencies of S–C–S–C rhombic plate

Skew angle Method Nx Mode sequence

1 2 3 4 5

901 Present 11 28.95081 54.74243 69.3352 94.5820 102.20982

15 28.95085 54.74307 69.3270 94.5853 102.21618

19 28.95085 54.74307 69.3270 94.5853 102.21620

Ref. [24] 28.951 54.743 69.327 94.585 102.22

751 Present 11 30.6962 56.7013 74.6305 94.0545 111.9905

15 30.6967 56.7027 74.6204 94.0464 111.9934

19 30.6967 56.7028 74.6205 94.0464 111.9937

Ref. [28] 30.697 56.703 74.621 94.046 111.99

Ref. [29]a 30.696 56.703 74.620 94.044 111.99

601 Present 11 36.9500 64.2642 92.9795 100.8036 137.6825

15 36.9529 64.2632 92.9690 100.7770 137.6797

19 36.9534 64.2635 92.9708 100.7772 137.6814

Ref. [28] 36.954 64.264 92.972 100.78 137.68

Ref. [29]a 36.963 64.270 93.004 100.78 137.71

Ref. [27] 37.193 64.390 93.626 103.46 144.11

451 Present 11 52.3640 83.5522 123.2821 136.9723 167.7025

15 52.3716 83.5402 123.2464 136.9496 167.9604

19 52.3737 83.5406 123.2472 136.9556 167.9625

Ref. [28] 52.375 83.541 123.25 136.96 167.96

Ref. [29]a 52.489 83.596 123.28 137.35 167.96

Ref. [27] 53.840 85.087 136.01 141.90 199.79

301 Present 11 96.3540 137.2937 187.8254 237.9525 267.7209

15 96.2521 137.2423 188.1137 237.7599 267.9262

19 96.2274 137.2345 188.1094 237.7545 267.8761

Ref. [28] 96.209 137.23 188.11 237.76 267.82

Ref. [29]a 97.272 137.53 188.41 238.76 270.44

Ref. [27] 104.53 151.39 248.26 286.66 368.22

ah=a ¼ 0:01:
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Appendix A. Transformation matrices

The transformation matrices are obtained from Eq. (8) as

½J11	 ¼
x;x y;x

x;Z y;Z

" #
; ½J21	 ¼

x;xx y;xx

x;ZZ y;ZZ

x;xZ y;xZ

2
64

3
75; ðA:1Þ

½J22	 ¼

x2
;x y2;x x;xy;x

x2
;Z y2;Z x;Zy;Z

x;xx;Z y;xy;Z
1
2
ðx;xy;Z þ x;Zy;xÞ

2
664

3
775; ½J31	 ¼

x;xxx y;xxx

x;ZZZ y;ZZZ

x;xxZ y;xxZ

x;xZZ y;xZZ

2
6664

3
7775; ðA:2;A:3Þ

Table 5

Convergence of natural frequencies of S–F–S–F rhombic plate

y Method Nx Mode sequence

1 2 3 4

601 Present 5 12.7555 18.6067 35.5891 64.6762

7 12.3762 18.0596 36.4753 50.7278

9 12.2759 17.9157 36.0137 49.8634

11 12.2390 17.8577 35.9991 49.6716

13 12.2177 17.8184 35.9983 49.6027

15 12.2031 17.7898 35.9991 49.5632

17 12.1922 17.7686 35.9994 49.5354

19 12.1840 17.7524 35.9993 49.5149

HFEM [26] 12.147 17.703 36.026 49.394

Ref. [27] 12.246 17.875 36.424 50.352

451 Present 5 18.8710 23.2885 40.8290 91.9910

7 16.8758 21.0548 39.5897 59.9930

9 16.9528 21.17820 39.5575 59.8800

11 16.8758 21.0548 39.5897 59.9930

13 16.8089 20.9348 39.6017 59.9655

15 16.7470 20.8382 39.6031 59.9160

17 16.6938 20.7641 39.5985 59.8691

19 16.6490 20.7068 39.5900 59.8317

HFEM [26] 16.396 20.36 39.646 59.624

B-spline [30] 16.413 20.41 39.646 59.672

Ref. [27] 17.151 21.352 40.438 63.327
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½J32	 ¼

3x;xx;xx 3y;xy;xx 3ðx;xxy;x þ y;xxx;xÞ

3x;Zx;ZZ 3y;Zy;ZZ 3ðx;ZZy;Z þ y;ZZx;ZÞ

x;xxx;Z þ 2x;xZx;x y;xxy;Z þ 2y;xZy;x x;xxy;Z þ y;xxx;Z þ 2x;xZy;Z þ 2y;xZx;x

x;ZZx;x þ 2x;xZx;Z y;xxy;x þ 2y;xZy;Z x;xxy;Z þ y;xxx;Z þ 2x;xZy;Z þ 2y;xZx;x

2
6664

3
7775; ðA:4Þ

½J33	 ¼

x3
;x y3;x 3x2

;xy;x 3x;xy
2
;x

x3
;Z y3;Z 3x2

;Zy;Z 3x;Zy
2
;Z

x2
;xx;Z y2;xy;Z x2

;xy;Z þ 2x;xx;Zy;x y2
;xx;Z þ 2x;xy;Zy;x

x2
;Zx;x y2;Zy;x x2

;Zy;x þ 2x;xx;Zy;Z y2
;Zx;x þ 2x;Zy;Zy;x

2
66664

3
77775: ðA:5Þ

Appendix B. The bending stiffness matrix

The effective shear forces may be written as

fQng
T ¼ fngT

@Mx

@x
þ

@Mxy

@y

@My

@y
þ
@Mxy

@x

8>><
>>:

9>>=
>>;þ ½xs ys	

@Msn

@x
@Msn

@y

8>><
>>:

9>>=
>>;: ðB:1Þ

Table 6

Convergence of natural frequencies of C–F–C–F rhombic plate

y Method Nx Mode sequence

1 2 3 4 5

751 Present 7 23.330 27.3702 44.9750 68.3494 73.7784

11 23.3680 27.3877 44.8514 64.5387 70.4256

15 23.3503 27.3431 44.8409 64.5023 70.3795

17 23.3467 27.3362 44.8361 64.4962 70.3684

19 23.3450 27.3320 44.8324 64.4922 70.3607

601 Present 7 27.9905 30.9161 49.8745 73.5866 81.05646

11 27.1323 30.5465 49.4217 74.5253 81.1313

15 27.4272 30.6394 49.477 74.1159 81.107

17 27.4216 30.6174 49.4798 74.0570 81.0607

19 27.4146 30.5992 49.4806 74.0171 81.0223

Ref. [27] 27.606 30.933 50.391 74.899 85.538

451 Present 7 37.5985 39.4970 65.8802 102.080 111.1700

11 37.1758 38.8394 62.1020 88.0291 103.4123

15 36.7910 38.5093 61.8014 87.4642 102.9012

17 36.6943 38.4079 61.7511 87.3112 102.7415

19 36.6307 38.3336 61.7231 87.2013 102.6320

Ref. [27] 38.338 40.209 63.695 91.941 119.97
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Table 7

Non-dimensional natural frequencies of rhombic plates with mixed boundary conditions

y Method Nx Mode sequence

1 2 3 4 5

S–S–S–F

601 Present 11 14.3162 30.62795 53.0762 59.5763 84.5435

15 14.2735 30.6520 52.9561 59.5760 84.5960

17 14.2608 30.6570 52.9261 59.5758 84.6070

Ref. [27] 14.370 30.969 53.635 61.025 89.704

S–S–S–F

451 Present 11 18.6135 36.99612 63.11699 80.7589 98.6931

15 18.5177 37.0309 63.0552 80.6050 98.5855

17 18.4975 36.9952 63.0781 80.5590 98.5341

Ref. [27] 19.054 38.531 66.335 85.897 113.49

S–S–S–C

451 Present 11 42.16093 75.0931 111.2095 120.307 153.9386

15 42.0920 75.0255 111.2435 120.088 153.9490

17 42.0712 75.0092 111.2435 120.0308 153.9461

Ref. [28] 41.957 74.948 111.29 119.75 153.94

Ref. [27] 43.832 76.098 122.40 126.01 193.91

C–C–C–S

451 Present 11 57.4720 95.0854 135.2405 144.9885 181.4817

15 57.4769 95.0224 135.2592 144.9371 181.9943

17 57.4785 95.0135 135.2782 144.9380 181.9815

Ref. [28] 57.498 94.991 135.35 145.04 181.96

Ref. [27] 58.592 96.057 142.98 149.79 217.27

C–C–S–F

601 Present 11 18.8225 40.7490 62.2942 73.9588 100.6634

15 18.7535 40.7327 62.1825 73.9263 100.6890

17 18.7260 40.7280 62.1610 73.9193 100.6960

Ref. [27] 18.905 40.973 62.782 75.127 104.41

C–C–C–F

601 Present 15 28.9495 47.8431 76.9665 83.7964 109.5119

17 28.9322 47.8504 76.9084 83.7822 109.5115

19 28.9200 47.8550 76.8665 83.7695 109.5101

Ref. [27] 29.025 48.139 77.489 84.895 113.70

C–C–C–F

451 Present 15 37.7385 63.3160 93.6345 112.81074 139.5061

17 37.6380 63.2867 93.5075 112.6985 139.3988

19 37.5675 63.2698 93.4185 112.6185 139.3240

Ref. [27] 38.445 64.100 98.385 117.70 151.39
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In the above equation,

fngT ¼ ½nx ny	;
@x

@s

@y

@s


 �
¼ ½�ny nx	;

where nx; ny are the components of the unit normal to the boundary of the physical domain. Also,
one may note that [23]

Msn ¼ nxnyð�Mx þ MyÞ þ ðn2x � n2
yÞMxy ¼ f *ngTfMg: ðB:2Þ

Table 8

Convergence of natural frequencies of trapezoidal plate (b ¼ 0; a=b ¼ 1:5; b=c ¼ 2:5)

Boundary type Method Nx Mode sequence

1 2 3 4 5

S–S–S–S Present 5 5.4974 15.87790 18.82880 25.91507 27.1004

7 5.3883 9.338113 14.43305 15.87547 23.3428

9 5.3891 9.421702 14.70423 15.90912 21.7804

11 5.3891 9.422411 14.68280 15.90833 21.6956

13 5.3891 9.422383 14.68202 15.90826 21.6903

15 5.3891 9.422363 14.68197 15.90827 21.6910

19 5.3891 9.422346 14.68192 15.90827 21.6909

Ref. [14] 13 5.3886 9.4228 14.627 15.908 21.683

15 5.3887 9.4202 14.678 15.909 21.684

19 5.3889 9.4214 14.678 15.908 21.686

Ref. [33] 5.3906 9.4311 14.727 15.936 21.909

C–C–C–C Present 5 10.49059 12.8271 23.6986 25.4883 26.4902

7 10.47960 15.2972 22.4344 24.6734 34.4001

9 10.41204 15.5005 21.7013 23.8410 30.7345

11 10.42700 15.5599 21.4495 23.8919 28.3961

13 10.42728 15.5636 21.4815 23.9047 28.8791

15 10.42732 15.5633 21.4756 23.9052 28.8369

17 10.42732 15.5634 21.4762 23.9053 28.8418

19 10.42732 15.5634 21.4761 23.9054 28.8415

Ref. [14] 17 10.427 15.563 21.476 23.905 28.842

x

y

2/b

2/c 2/c

2/b

a

β

Fig. 3. Geometry of trapezoidal plate.
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Here,
f *ngT ¼ ½�nxny nxny ðn2

x � n2
yÞ	; fMgT ¼ ½Mx My Mxy	:

Using the constitutive law for bending moments, Eq. (B.2) may be written as

Msn ¼ f *DgTfKg; ðB:3Þ

Table 10

Natural frequencies of simply supported unsymmetric trapezoidal plate (a=b ¼ 1:5; c=b ¼ 0:4)

b Method Nx Mode sequence

1 2 3 4 5 6 7 8

101 Present 11 5.4824 9.4806 14.559 16.350 21.351 23.620 29.480 31.134

13 5.4824 9.4805 14.557 16.350 21.346 23.615 29.607 31.299

15 5.4824 9.4804 14.557 16.350 21.346 23.615 29.611 31.307

17 5.4824 9.4804 14.557 16.350 21.346 23.615 29.611 31.307

19 5.4824 9.4804 14.557 16.350 21.346 23.615 29.611 31.307

Ref. [34] 5.4826 9.4825 14.563 16.350 21.354 23.615 29.619 31.309

Ref. [36] 5.4832 9.4827 14.566 16.356 21.362 23.632 29.66 31.34

201 Present 11 5.7860 9.6942 14.408 17.513 20.830 24.648 28.521 31.7334

13 5.7860 9.6938 14.406 17.513 20.820 24.625 28.626 31.8438

15 5.7859 9.6936 14.406 17.512 20.820 24.624 28.629 31.8474

17 5.7859 9.6935 14.405 17.512 20.819 24.624 28.628 31.8476

19 5.7859 9.6934 14.505 17.512 20.819 24.624 28.628 31.8475

21 5.7859 9.6933 14.505 17.512 20.819 24.624 28.628 31.8475

Ref. [34] 5.7865 9.6992 14.422 17.516 20.844 24.631 28.652 31.855

Ref. [37] 5.7881 9.6994 14.424 17.533 20.853 24.688 28.72 32.44

Table 9

Natural frequencies of simply supported trapezoidal plate for different aspect ratios (b ¼ 0; a=b ¼ 1)

Aspect ratio Method Nx Mode sequence

1 2 3 4 5 6 7 8

a=b ¼ 2=3 Present 11 6.3912 11.938 17.891 18.693 26.578 27.685 34.616 37.262

13 6.3912 11.938 17.890 18.686 26.732 27.693 34.593 36.431

15 6.3912 11.938 17.890 18.686 26.738 27.693 34.589 36.339

17 6.3912 11.938 17.890 18.686 26.738 27.693 34.589 36.337

19 6.3912 11.938 17.890 18.686 26.738 27.693 34.589 36.337

Ref. [34] 6.3912 11.938 17.890 18.687 26.742 27.693 34.590 36.346

Ref. [36] 6.3921 11.940 17.895 18.691 26.746 27.704 34.614 36.350

a=b ¼ 1=2 Present 11 1.9400 4.0515 5.0852 7.0013 8.0012 9.9551 10.699 11.971

13 1.9389 4.0514 5.0823 7.0028 7.9961 9.9570 10.659 12.036

15 1.9382 4.0514 5.0808 7.0025 7.9959 9.9556 10.658 12.041

17 1.9377 4.0514 5.0797 7.0023 7.9956 9.9544 10.658 12.041

19 1.9374 4.0513 5.0790 7.0022 7.9954 9.9536 10.657 12.041

21 1.9372 4.0513 5.0784 7.0021 7.9953 9.9530 10.657 12.040

Ref. [34] 1.9569 4.0527 5.1258 7.0095 8.0066 10.007 10.664 12.060

Ref. [36] 1.9372 4.0540 5.0861 7.0131 8.0086 9.976 10.678 12.103
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where

f *DgT ¼ f *ngT½D	½ %I	; ½D	 ¼

D11 D12 D13

D12 D22 D23

D13 D23 D33

2
64

3
75:

Also, fKg and ½ %I	 are given by Eqs. (30) and (24). The derivative of Mns can be evaluated as

@Msn

@x
¼

@f *DgT

@x
fKg þ f *DgT

@fKg
@x

; ðB:4Þ

@Msn

@y
¼

@f *DgT

@y
fKg þ f *DgT

@fKg
@y

: ðB:5Þ

Table 11

Convergence of natural frequencies of fully clamped trapezoidal plate (b ¼ 0; a=b ¼ 1)

Cord ratio Method Nx Mode sequence

1 2 3 4 5

c=b ¼ 0:2 Present 9 11.321 19.696 23.213 30.777 36.854

11 11.341 19.896 23.311 30.310 36.116

13 11.341 19.888 23.315 30.348 36.240

15 11.341 19.888 23.314 30.338 36.224

17 11.341 19.888 23.314 30.339 36.225

19 11.341 19.888 23.314 30.339 36.225

21 11.341 19.888 23.314 30.339 36.225

Upper bound [39] 11.31 19.77 — — —

Lower bound [39] 11.35 19.93 — — —

Ref. [35] 11.34 19.89 23.31 30.34 36.22

c=b ¼ 0:4 Present 9 9.2194 15.508 19.799 24.007 29.116

11 9.2243 15.584 19.890 24.538 29.174

13 9.2242 15.582 19.888 24.509 29.195

15 9.2242 15.582 19.888 24.511 29.193

17 9.2242 15.582 19.888 24.511 29.193

21 9.2242 15.582 19.888 24.511 29.193

Upper bounds [39] 9.23 15.63 — — —

Lower bounds [39] 9.18 15.45 — — —

Ref. [35] 9.224 15.58 19.89 24.51 29.19

c=b ¼ 0:6 Present 9 7.5587 13.299 16.641 21.892 23.159

11 7.5602 13.345 16.709 22.448 23.254

13 7.5603 13.345 16.708 22.418 23.259

15 7.5603 13.345 16.708 22.420 23.259

17 7.5603 13.345 16.708 22.420 23.259

Upper bounds [39] 7.549 13.27 — — —

Lower bounds [39] 7.571 13.39 — — —

Ref. [35] 7.560 13.35 16.71 22.42 23.26
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For a quadrilateral straight sided plate, the first derivative in the right-hand side of Eqs. (B.4) and
(B.5) are zero. Also, in order to do transformation more easily and systematic for programming,
one may note that [21]

@K

@x
¼

1 0 0 0

0 0 0 1

0 0 1 0

2
64

3
75

@3w

@x3

@3w

@y3

@3w

@x2@y

@3w

@x@y2

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

;
@K

@y
¼

0 0 1 0

0 1 0 0

0 0 0 1

2
64

3
75

@3w

@x3

@3w

@y3

@3w

@x2@y

@3w

@x@y2

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

: ðB:6Þ

Using the constitutive law for bending and rearranging its terms, the first term in Eq. (B.1), i.e. Qn;
becomes

Qn ¼ f **DgT

@3w

@x3

@3w

@y3

@3w

@x2@y

@3w

@x@y2

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

; ðB:7Þ

Table 12

Convergence of natural frequencies of trapezoidal plates with mixed BCs (b ¼ 0; a=b ¼ 1; c=b ¼ 0:2)

Boundary condition Method Nx Mode sequence

1 2 3 4 5

S–C–S–C Present 13 7.2944 14.796 17.289 24.743 28.728

15 7.2945 14.799 17.289 24.748 28.724

17 7.2945 14.799 17.289 24.748 28.724

19 7.2945 14.799 17.289 24.749 28.725

21 7.2945 14.799 17.289 24.749 28.725

Ref. [34] 7.295 14.80 17.29 24.76 28.72

S–C–S–F Present 13 7.2301 14.340 17.289 23.088 28.728

15 7.2307 14.339 17.289 23.091 28.724

17 7.2311 14.338 17.289 23.091 28.724

19 7.2314 14.338 17.289 23.092 28.724

21 7.2316 14.337 17.289 23.092 28.724

Ref. [31] 7.23 14.36 17.24 23.14 —
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where

f **Dg ¼

ðnxD11 þ nyD16Þ

ðnxD23 þ nyD22Þ

ð3nxD13 þ nyðD12 þ 2D33ÞÞ

ðnxðD12 þ 2D33Þ þ 3nyD23Þ

8>>><
>>>:

9>>>=
>>>;
:

Using Eqs. (B.4), (B.5) and (B.6), Eq. (B.1) becomes

fFgT

@3w

@x3

@3w

@y3

@3w

@x2@y

@3w

@x@y2

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

¼ 0; ðB:8Þ

where

fFgT ¼ f **DgT þ
@x

@s
f *Dg

1 0 0 0

0 0 0 1

0 0 1 0

2
64

3
75þ

@y

@s
f *Dg

0 0 1 0

0 1 0 0

0 0 0 1

2
64

3
75:
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